DFTT-02/95 
ROM2F/94/36 



HOMOGENEOUS CONFORMAL STRING BACKGROUNDS 

M. Gasperini^'^) and R. Ricci^'') 

(a) Dipartimento di Fisica Teorica, Universitd di Torino, 
Via P. Giuria 1, 10125 Turin, Italy 
and INFN, Sezione di Torino, Turin, Italy 
Dipartimento di Fisica, Universitd di Roma "Tor Vergata", 
Via della Ricerca Scientifica 1, 00133 Rome, Italy 

ABSTRACT 

We present exact solutions characterised by Bianchi-type I, II, III, V, VIq, Vlh 
four- dimensional metric, space-independent dilaton, and vanishing torsion 
background, for the low energy string effective action with zero central charge 
deficit. We show that, in such a context, curvature singularities cannot be 
avoided, except for the trivial case of flat spacetime and constant dilaton. 
We also provide a further example of the failure of the standard prescription 
for connecting conformal string backgrounds through duality transformations 
associated to non-semisimple, non-Abelian isometry groups. 
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1 Introduction 



It is well known that the request for conformal invariance of the sigma-model 
action for closed (super)string theory implies, at the tree level in the string 
loop expansion parameter e**^, and to lowest order in the inverse of the string 
tension a', the background field equations of motion [|[] 

i?/ + V^V^0 - \h^^pH-''^ = 0, (1) 

R - V,<PW<P + 2V,W<I) + V- ^H^^^m-"^ = 0, (2) 

d^ie-'^^/l^lH'^''^) = 0. (3) 

Here is a constant, is the dilaton field, H^^^a = 6(9[^i?,^a] is the field 
strength of the antisymmetric (torsion) tensor Bf^^, = —B^^, and the covariant 
derivatives are performed with respect to the background metric g^y. These 
equations can be derived from the low energy (D-dimensional) string effective 
action 

S = - j rf^Xy^e-^i? + + V- (4) 

In this paper we present a general procedure to integrate the equations 
(HD"® for the case of spatially homogeneous metric, space-independent dila- 
ton, vanishing torsion {H^j^a = 0) and critical dimension = 0). This last 
requirement does not exclude, of course, the phenomenologically interesting 
case of(i = _D — 1 = 3, provided one adds the right number of "spectator" 
dimensions in order to compensate the central charge deficit. For c? = 3, 
in particular, our procedure can be applied to obtain exact solutions for 
anisotropic but homogeneous backgrounds, whose metric can be classified of 
type I, II, III, V, VIo, VI/i according to the Bianchi classification (see for 
instance P, |^, ^). These solutions may prove useful to study the correct im- 
plementation of the duality symmetry between conformal string backgrounds 
in the case of non-Abelian isometrics ||^ (see for instance the discussion in 
[^] of the particular Bianchi V model reported in 0). 

We recall that, in the hypothesis of spatial homogeneity, the d-dimensional 
spatial submanifold is invariant under the action of a (i-parameter isometry 
group (generated by the d Killing vectors ^j", i = 1, 2, . . . , (i), and the metric 
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can be factorized (in a synchronous frame [Q) as 



(5) 



{a, P = 1, . . . ,d are world indices in the spatial submanifold) . All dependence 
on the spatial coordinates X" is thus contained in the "spatial" vielbein Ca, 
whose corresponding Ricci rotation coefficients 



(6) 



are constant and determined by the algebraic structure of the isometry group 
as g I, i 

%->^j] = ^ij ^k, 6 = ^i°'da- (7) 

Under the additional hypothesis that the dilaton field be space- independent, 
the background equations can be reduced to ordinary time-differential 

equations for the variables jijit), (pit). The spatial dependence of R^'^ and 
V^V^c/) is determined, indeed, by the choice of the isometry group, and can 
be factored out and eliminated through a projection on the spatial vielbein 



R ^ 

Rry^ 



iRjep 



Ri 

p 



(8) 
(9) 
(10) 

(11) 



In particular, if we restrict our analysis to an anisotropic but diagonal matrix 
form for the invariant metric 'jij, 



the projection gives 



R^ -- 

Ri^ = 
VoV°<; 



Rq ilmn), 
Ri (Tmn) ~l~ ^ii'^mny C*-n- 



5-^ 



0, 



(12) 

(13) 
(14) 

(15) 

(16) 
(17) 
(18) 
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(no sum over i; a dot denotes differentiation with respect to the cosmic time 
t). Here Hi = CLi/ai, and i?o°(7), Ri-'i'y) are the time and space components 
of the Ricci tensor for the metric (]T^). The "effective potentials" Vi(7, C) 
(vanishing for Cij'' = 0) represent the exphcit contribution of the non-Abelian 
part of the isometry group and are related to the Riemann curvature of the 
spatial submanifold. 

From the (0, 0) and {i, i) part of the background eq. (|lD we thus obtain, 
respectively, 

^(ij. + iff)_0 = o, (19) 

i 

H, + HiY. Hu - Hi^ -Vi = 0, (20) 

k 

while the mixed components {i, 0) give the constraint 

j2Ck^\H,-Hk) = 0, (21) 

k=l 

(no sum over i). The dilaton equation (^ moreover implies 

20 - 02 + 2^Y.Hk + E^^' - iT.Hkf - E^fc - 2E^A: = (22) 

k fC fC JC Ay 

In the following section it will be shown that the above equations (|T9|) -(^) 
can be integrated exactly, provided the potential functions Vi{aj) satisfy par- 
ticular restrictions. 



General integration method for a class of 
homogeneous backgrounds 



In order to integrate the equations (p!9|)-(|22D we shall try to extend to the 
more general homogeneous case a procedure already successfully applied to 
space-independent metric backgrounds even in the presence of string sources 
[§, non- vanishing torsion ||10| and a particular class of dilaton potentials 



We introduce, first of all, the rescaled dilaton 

1 
2 



- ^ln|det(7,j)| = 0-Elnai, (23) 
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which is exactly the duahty-invariant variable defined in the context of the 
particular "scale factor" duality symmetry, for space-independent cosmolog- 
ical metrics [0, |r^. In terms of this variable the equations (|TP|), (^^, (P^) 
become respectively: 

'}-Y.H! = 0, (24) 



Hi - Hi^ -Vi = 0, (25) 
-2'^ + J2Hf-J2V. = 0. (26) 



^2 



The combination of eqs. (p^ and (^) gives 

4>'-T.Hf-T.y^ = 0. (27) 



By differentiating the equation above and using (0), ( p5[ ) to eliminate (p, Hi, 

we get 

J2{V, + 2H,Vi) = 0, (28) 

i 

which can be interpreted as a sort of covariant conservation equation for the 
effective "source density" X)i following from the Bianchi identities of the 
effective scalar-tensor theory. 

We choose now eqs. (|25|)- (|27|) as independent equations, and we show 
that they can be integrated exactly for all Vi satisfying the condition 

Vi = kiY.Vj, (29) 

where fcj can be arbitrary real numbers. 

By combining eqs. (P^D, ( P7| ) we get in fact 

{e-^y = e-^Y.Vv (30) 

j 

while eq. (PBD, using (^), can be rewritten as 

{e-^H,J=e-h,Y.V,. (31) 
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If we substitute t for a new dimensionless time-like variable x, defined by 



(L is an appropriate dimensional constant), eqs. and (^Tj) can be inte- 
grated a first time to give 

(e-^)'e-^E^. = ^^, (33) 
j 

n' - p'f' 

^^-'E^. = ^r., (34) 

where 

r« ~ ^j^; ~i~ (35) 

(xj, Xo are integration constants, and a prime denotes differentiation with 
respect to x). Moreover, using eqs. ( PP] ) and (P^, the identity ( PBD can be 
written as 

E^' = -^E(r|)'- (36) 

By adding eqs. (|33D, (p^), and integrating, we thus obtain the important 
constraint 

L'e-'~^ ^ V,- = /5 + (x + x,f - E r?, (37) 

i 3 

which allows the separation of variables in eqs. (^), ( |3^ and which, as we 
shall see, ultimately defines the range of validity of our solution with respect 
to the X coordinate {(3 is an integration constant). 

The constant 13 appearing in eq. ( pT]) is not arbitrary. Indeed, out of 
the three independent equations (P5|)-(P7[) we have used, up to now, only 
eq. (|25|) and a linear combination of eqs. (p6|) and (0). We still have the 
freedom to impose that eq. (|27|) be also separately satisfied by the result of 
our first integration, eqs. (|33|), (plj). By computing (p and Hi from eqs. (^2])- 



(|34D, and inserting their values into eq. (pTj), we find that this last equation 
is identically satisfied, and compatible with eq. (0), if and only if /? = 0. 
Using eq. (^) (with /3 = 0) the system of coupled differential equations (|33|) , 
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can be consistently reduced to quadratures, and we are eventually led 

to" 

7/ X -\- Xq 



D{x) 



(38) 
(39) 



Oj D{xj 

where the quadratic form D{x) must satisfy the condition 

Dix) ^{x + xof - E = L'e-'^ E Vy W 

i j 

Our background equations can thus be integrated exactly for all homo- 
geneous metrics satisfying eq. (pPj), and the solution is valid for the range 
of X compatible with the constraint (|40|). Moreover, the allowed values of 
the constant "charges" fc,, and of the integration constants further 
restricted by the mixed components of the background equations, Ri^ = 0. 
The insertion of eq. (pOf ) into eq. (^Tj) gives in fact the additional constraints 



on the solution 

J2Ck^''{k,-h)=0, J2CH{x,-Xk)=0 (41) 

k k 

(no sum over i). 

We finally note that our integration procedure obviously applies also to 
the trivial case Vi = (Abelian isometry group of spatial translations). In 
this case, however, there is no need to introduce a new time variable and 
from eqs. (0), (0) we obtain directly 

= = (42) 

Cot + to Cot + to 

where Cj, Cq, to? L are integration constants, related by the condition 



c, 







Y.cl (43) 



which is required in order to satisfy separately also eq. (P^. One thus recovers 



the well-known "Kasner-like" anisotropic background |TT], |T3|, first derived 
in the context of the Brans-Dicke solutions in vacuum [14|. 

In the following section we shall apply the integration procedure just 
outlined to the case of homogeneous cosmological backgrounds in li = 3 
spatial dimensions. 
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3 Bianchi-type solutions and curvature sin- 
gularities 

Homogeneous manifolds with = 3 spatial dimensions can be classified in 
nine different Bianchi types 0, ^, according to the structure of their 
isometry groups. By considering the explicit form of the potential functions 
Vi{aj) for the various metric types (see for instance [0), one finds that the 
conditions of applicability of our integration procedure are met for Bianchi 
types I, II and Vlh (in the notations of Ref. 0). This last case includes 
Bianchi types III, V and VIq, corresponding to /i = 0, 1 and —1 respectively. 

Bianchi I type is characterised by an Abelian isometry group, Vi = 0, 
and in this case the integration of eqs. (^) leads to the previously quoted 
solution |]lT| |T^. For a Bianchi II metric there is only one non- vanishing 

(44) 



structure constant, 



C: 



31 



-c 



13 



and eq. (|29|) is satisfied with 

fci = (-1,1,1), 



20-2 '^3 



> 



For Bianchi Vl^ the structure constants are 



21 



31 



h 



(45) 



(46) 



and eq. (p9|) is satisfied with 
1 



2{1 + h + h^) 



l + h\l+h,h+h' 



of 



[l+h+h^) > (47) 



One can easily verify that the constants ki of the above Bianchi models also 
automatically satisfy the constraint (|iT|). 

In the case of Bianchi II and Bianchi Vlh metric, the general form of the 
background solution is thus provided by the explicit integration of eqs. (P^), 
(|39D. By calling x± the two real zeros of D{x) (the case of complex roots, 
and of real but coincident roots will be discussed below) we obtain 



— = \{x — x+){x — X-)\ 



X 



X -\ 



X 



o<t>0\ 



[x — x+)(x — x_)|" 



X — X-i 



X — X- 



(48) 
(49) 
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where Ojo, 4>o are integration constants, and 

a = l-Y.kl (50) 

i 

otXi -\- ki(^2j kjXj 3^0) 



"V (Ej - + a{J2j ^] - 



(51) 



«\/ (Ej - xo)2 + a(X;j - 

1 



X 



± = - XI ^i^i " ^0 ± / (5Z ^i^jj - Xo)2 + a(X x| - xg) . (53) 



3 \ 3 3 



The coefficients ki are given by eqs. (^) and (0) for Bianchi types II and 
Vlh respectively, and the integration constants Xi must satisfy the constraint 



(41), which for the Bianchi Vlh type reads explicitly 

(1 + h)xi = X2 + hxs. (54) 

Further restrictions on the solutions follow from eq. (|40|) , which in the 
Bianchi II case imposes a relation among the integration constants Ojo, 0o; 
and which in the Bianchi Vl^ case also defines the allowed range of h, for 
any given choice of the integration constants. It is interesting to note that 
ioT h = 1 (Bianchi V), a possible choice is the particular case xi = X2 = X3, 
which leads to an isotropic homogeneous solution with Such so- 

lution represents a Friedman- Robert son- Walker conformal string background 
with constant (negative) spatial curvature, while the isotropic version of the 
Bianchi I solution (^^ represents the corresponding background with van- 
ishing spatial curvature. 

The temporal range of validity of the solution (|^), (^) is also determined 
by eq. (0), which implies 

sign(Z})=sign(Xr,)>0. (55) 

3 

For a Bianchi II metric we have a < (see eq. (^5]) ), and the solution is thus 
defined in the limited range 

X- < X < x+. (56) 
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For a Bianchi VI/i metric we must treat separately the particular case h = —1 
(Bianclii VIq), for which a = and the quadratic form D{x) degenerates in 
a line which crosses the x axis at 

The solution is defined, in this case, on the half-line x > Xc- For all other 
values of h we have a > and the solution is characterised by two branches, 
defined on the two half-lines 



X < X-, X > x+. (58) 

In correspondence of the two roots of D{x) both Hi and exp(0) diverge, 
and the background solutions run into a singularity of both the curvature 
and the effective string coupling constant. A similar singularity occurs for 
the Bianchi I solution (^2|), which is characterised by two branches, defined 
on the two half-lines 



t < -to/co, t > -to/co (59) 

and separated by a curvature singularity at t = —to/cQ. Such singularities 
cannot be avoided in the context of the low energy string effective action 
considered here, except for the trivial case of fiat spacetime and constant 
dilaton solution. 

Indeed, necessary conditions to prevent divergences of the curvature and 
dilaton background turn out to be 1) the absence of real zeros of D{x) or 2) 
the coincidence of the two real zeros of D{x) among themselves and with the 
zeros of the two numerators at the right-hand-side of eqs. (PH]), (PU]), namely 
X + Xq = = kiX + Xi, where D{x) = 0. 

If the quadratic form D{x) 

D{x) = (x + XqY — "^{kiX + Xif = a{x — x+){x — x_) (60) 

i 

has no real zeros, however, it must be always negative. Therefore, the first 
requirement cannot be satisfied neither by Bianchi II nor by Bianchi Vl^ 
solutions, as it would be in contradiction with the condition (^). In the 
Bianchi I case the first requirement could be satisfied by the choice Cq = 0, 
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but this implies that all the constants q are vanishing, namely that the 
solution is trivial (see eqs. (0), (0))- 

The second requirement can be met by choosing the integration constants 
Xi in such a way that the two real roots of D{x) coincide with xq, namely for 

Xi = kiXo, x+ = x„ = — Xo, D{x) = a{x + XqY (61) 

In this case, however, the Bianchi II and Bianchi VIq solutions are consis- 
tently defined only on a point (where J2j ^ = 0), according to eq. (|55D. For 
a Bianchi VI/i metric {h ^ —1), on the contrary, the range of validity is 
non-trivial, and the solution is defined by the equations 

f =- , ! V ^= y a=i-j:ki (62) 

a[x + Xo) tti a[x + Xq) ^ 
with the coefficients fcj of eq. (^T]). Their integration gives 

— — 1 

= 00 + In |a; + Xo|~" , Oj = ajo|a; + Xo|~, (63) 

where 0o and Ojo are integration constants. 

This solution, however, is only valid for the set of values of 0O; c^io and 
h satisfying the constraint (^OD. As a consequence, its dynamical content is 
trivial, as one can easily check by noting first of all that the dilaton back- 
ground is constant (according to the definition (|23|)), 

= + '^i ~ ^0 + X! '^*o ~ const, (64) 

since I]i = 1- Moreover, choose for instance the integration constants in 
such a way that the scale factors, when expressed in cosmic time according 
to eq. (|32D, are given by 

and the full Bianchi VI/^ metric (/i 7^ —1) takes the form 

^,.(X,t) = diag(l, -t\ -t'^^e-'^ -t'^'^e-"^''). (66) 

The constraint (^) implies then a condition on h which is only satisfied, for 
real values of the parameter, hj h = and 1 (see the Appendix). In both 
cases, the solution (|66D is identically Ricci flat and Riemann flat (see the 
Appendix), showing that also the metric background is trivial. 
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4 Conclusion 



In this paper we have presented a procedure for obtaining homogeneous back- 
ground solutions for the low energy string effective action. Such solutions are 
characterized by a spatial, generally non-Abelian transitive isometry group, 
and may be useful for investigating possible extensions of the 0{d, d) covari- 
ance (see |]16[ and references therein) associated to backgrounds with Abelian 
translational symmetry. Moreover, in (i = 3 spatial dimensions such solutions 
correspond to homogeneous Bianchi type models, which may be of some phe- 
nomenological interest for applications to a very early cosmological regime 
with non-vanishing anisotropy and time-varying dilaton field. The explicit 
form of the metric and dilaton field, for the particular case of Bianchi I, II, 
III, V and VIo models, is given explicitly in Table I. 

The solutions reported in the table refer to the case in which the zeros of 
D{x) are real and both different from the zeros of Fj and of x + xq (otherwise 
the dilaton is constant, and the metric globally flat up to reparametriza- 
tions). The solutions (except those of the Bianchi II and Bianchi VIq type) 
in general exhibit two branches, characterised respectively by a final and an 
initial curvature singularity (a similar behaviour is also typical of Bianchi 
I backgrounds with nontrivial torsion, H^y^ 7^ 0, as recently discussed in 
The singularities cannot be avoided in this context, but they could 
be eventually cured by higher order corrections in a' and in the string loop 
expansion parameter, which become important when approaching the high 
curvature, strong coupling regime surrounding the singularity. 

We finally note that the trivial solution (|5^)-(p^) suggests particularly 
simple examples of conformal backgrounds suitable for performing duality 
transformations with respect to a non-Abelian isometry group. The case of a 
Bianchi V metric {h = 1) was already discussed in 0. The Bianchi III case 
(/i = 0), 

g^iy = diag(l, — t^, — t^e "^^ , —1), = const, (67) 

also corresponds to a non-semisimple, non-Abelian group of isometries, with 
C2i^ = 1 as the only non-vanishing structure constant. By following the 
standard prescriptions 0, the non-Abelian duality transformations apphed 
to eq.(^) lead to a dual metric which is still diagonal, 

= diag(l, -1), A = t^ + Y\ (68) 
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but also to a non-vanishing torsion and a non-trivial dilaton field, 

Y ~ 

Bi2 = — = -B21, = - In A const. (69) 

Since 

it follows that the dual background is not conformal, as one can easily check 
by noting for instance that the component a = 0, /3 = 1 of eq.(|^) is not 
satisfied, 

d2 { e-^MH^'^''] = -At ^ 0. (71) 



By following the same procedure as in ||^ one can show, in particular, that 
no possible choice of the transformed dilaton can restore conformal invariance 
for the dual background {g, 13} defined in (p^D, (pP]). This confirms a recent 
analysis showing that, in the case of non-semisimple groups, an additional 



anomaly cancellation condition is to be imposed for the consistency of non- 
abelian duality. 
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6 Appendix 

In order to compute the allowed values of h for the particular solution (16^), 

(HD, 

-m = t^ A = (i,^,^^}^), M-i, (72) 

= c = const, = c — ^ /9i In t, (73) 

i 

we rewrite it in terms of the x coordinate. By recalling that, for a Bianchi 
type VI/^, 

Vi = ^{l + h\l + h,h + h^), (74) 
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we obtain from eq. ( |32| 



X + Xo 



2(1 + h + h^] 



[we have put L = 1 for simplicity). It follows that 



(75) 



+ Xo)Sfc'''=" 



+ Xo)^^: 



(76) 



where 



O-iO 



0i 



-4>o 



e-^2(l + h + h'^) 



11^ 



By inserting these values into the constraint (|40|) we thus obtain the condition 

2 



a = —(1 + h + h^)e 



-2<t>Q 



(77) 
it ion 

(78) 



which reads explicitly 
[l + h)\l + h + K") 



2{l + h + h^)-{l + h + 2h^ + h^ + h^ 



(79) 



and which, for h real, is only satisfied hj h = 0,1 {h = —1 is also allowed, but 
this value is to be excluded for the particular solution we are considering, see 
Sect. 3). For these two values of h the full Bianchi metric ( pB| ) is identically 
Ricci flat. 



{h - l)h{2 + h + 



(1 + /l2)t2 

1 + h 



0, 



i + h^^"' ' i+W 



;Ri ^! 



^ 3_h{l + h) 



Ri' 



(80) 



(81) 



as required by a solution of the background field equations with constant 
dilaton. However, the spacetime manifold is also globally fiat, since for the 
metric ( pB| ) all the components of the Riemann tensor are proportional to 
h{h — 1), and thus identically vanishing for h = 0,1. In particular. 



R 



1212 - e , 



(82) 
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-Rl220 — —Rl2l2t ^, 

Run ^{l + h + /i')i?i2i2i^^e'^(^-'^\ 

n - ^ + f-' 

-"'2020 — -j^ _|_ ^2 -"-1220^ ) 

-K3030 — -j^ _|_ ^2 -"-13301 , 

/,(2 + /, + /,2) ^ 2X 

-K2323 — -, , , -^3030^ ^+'' 6 

1 + Al 
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7 Table caption 



Explicit form of the metric and dilaton field in d — 3 for Bianchi types I, II, 
III, V and VIq {ai,x± and Xc are defined respectively by eqs.(51), (53) and 
(57)). The solutions reported here refer to the non-trivial case in which the 
zeros of D{x) are real and different from —Xo and from the zeros of Fj. The 
range of validity of such solutions is discussed in Section 3. 
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Table 1 



Bianchi I 

ds^ = dt^ - ajdX^ - aldV - aldZ^ 
ai = ttio {to + Cot) , J^ct^cl, 



1,2,3 



Bianchi II 



ds'^ = dt'^ - aldX^ - alidY - XdZf - ajdZ^ 
X — 



aio\{x - x+){x - X-)\ 4 



X — X. 



e'>' ^ e'f'°\{x - x+){x - X-)\-^ 



X — Xj^ 



X — X^ 



A;, = (-1,1,1) 

i(ai— 02— 03) 



Bianchi III 



ds^ = dt^ - ajdX^ - ale'^^dY^ - ajdZ^ 



Oj = o,io\{x — x+){x — X- 



X — X+ 



X — X. 



^ e^°\{x - x+){x - X-)\-^ 



X — x+ 



X — X- 



-i(ai+a2) 



Bianchi V 



J„2 7,2 „2 7-v^2 „2„-2X 7ta2 „2„-2X 7/7-2 

ds — dt — a^dX — age dY — a^e dZ 



0K4 

tti = aio\{x - x+){x - xJ)\ 4 



X — Xj^ 



X — X. 



e'^ = e'^°|(x-x+)(x-x_)|-^ 



X — Xj^ 

X — x_ 



ki — 

-i(ai+a2+Q!3) 



1 1 1^ 

3' 3' 3' 
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Bianchi VIq 

ds^ = dt^ - ajdX^ - aje-^'^dY^ - a^dZ^ 

03 = 030(2; - Xc) 2(^0-^1) , X2 = X3 

^ e'^°{x - Xc) 2(^0-^1) e 2(^0-^1) 
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